Abstract. In this paper we provide a level lowering result for half-integral weight modular forms. The main ingredients are the Shimura map from half-integral weight modular forms to integral weight modular forms along with Serre's conjecture. It is necessary to keep track of the parity of the weight as well as the character involved so that one can apply the Shintani lift to go back to a half-integral weight modular form and establish the result.
Let k ≥ 2 and N ≥ 1 be integers with 4|N . Write N = M m with M for an odd prime . Let χ be a Dirichlet character modulo N . Given an eigenform F ∈ S k+1/2 (Γ 0 (N ), χ), by "lowering the level" of F we mean finding an eigenform G ∈ S k +1/2 (Γ 1 (M )) for some integer k ≥ 2 so that λ F (p) ≡ λ G (p) (mod ) for primes p M with a uniformizer of some finite extension O of Z where λ F (p), λ G (p) denote the T (p 2 )th eigenvalues of F and G respectively. The goal of this paper is to show under a reasonable hypothesis on F that one can lower the level of F to remove the powers of .
We will require the Shimura correspondence [12] , which we now recall. There is a linear map, called the Shimura lifting map, Sh : S k+1/2 (Γ 0 (N ), χ) → S 2k (Γ 0 (N ), χ 2 ) defined as follows. Let G(z) = ∞ n=1 a G (n)q n ∈ S k+1/2 (Γ 0 (N ), χ). The Shimura lift of G, Sh(G)(z), is defined by Sh(G)(z) := ∞ n=1 a Sh(G) (n)q n where the coefficients a Sh(G) (n) are defined by . We also recall that the Shimura lifting is a Heckeequivariant map, i.e., it commutes with the action of Hecke operators where the Hecke operator T (p 2 , k + 1/2, χ) acting on the space S k+1/2 (Γ 0 (N ), χ) corresponds to the Hecke operator T (p, 2k, χ 2 ) acting on the space
2 ) be the Shimura lift of F . Without loss of generality we can assume that f is a normalized eigenform. Our goal now is to find a normalized eigenform g of level Γ 0 (M ) for some
Let ρ f : Gal(Q/Q) → GL 2 (Q ) be the Galois representation attached to f as constructed by Deligne. In particular, we know that ρ f is irreducible, unramified outside of M , and for all primes p M we have
It is well known that it is possible to choose a basis so that the image of ρ f is contained in GL 2 (O) where O is a finite extension of Z . One can then consider the residual representation ρ f : Gal(Q/Q) → GL 2 (F υ ) where F υ = O/ with a uniformizer of O. In general the residual representation depends on the choice of basis so one must instead work with the semi-simplification. However, if ρ f is irreducible then the residual representation is independent of the choice of basis. Equations (1) and (2) show that finding g as above is equivalent to finding a g with level Γ 0 (M ) with ρ g = ρ f . To accomplish this we would like to apply Serre's Conjecture, now a result of Khare-Wintenberger ( [2] , [3] , [4] ). However, this will require that we assume that ρ f is irreducible. Before we make such an assumption we include a discussion on what it means for ρ f to be reducible.
Suppose that ρ f is reducible. One can choose a basis so that
υ unramified away from M , ω the reduction of the -adic cyclotomic character, and a, b are integers satisfying 0 ≤ a < b < p − 1 with a + b = 2k − 1 or a + b = − 1 + 2k − 1. In particular, we have that
One can see ( [7] , Proposition 2.1) for the general method for picking such a lattice. Note that by class field theory we can identify φ 1 and φ 2 with Dirichlet characters of conductor dividing M . We now show how this Galois representation can be used to prove that divides the order of a certain Ray class group.
Consider the non-split Galois representation ρ = ρ f ⊗ φ
where h : Gal(Q/Q) → F υ is non-trivial and we view ψ as a character
. We know that the splitting field of ω b−a is Q(µ ) and so we have that K = Q(µ n ) for some n | M since the splitting field of ψ is necessarily Q(µ n ) for some n | M . If we restrict ρ to Gal(Q/K) we have
i.e., we obtain a non-trivial homomorphism h : Gal(Q/K) → F υ . Let L be the splitting field of h. We now study Gal(L/K). The first thing we show is that Gal(L/K) is abelian of -power order and L/K is unramified away from M . Observe that we have
and we know that Image(h) is a subgroup of F υ , an abelian -power order group. Thus, Gal(L/K) is abelian and has -power order. We also know that ρ is unramified away from M because ρ f and φ
are. Thus, h(I p ) = 0 for p M where I p is the inertia group at p. In particular we have that h(I p (L/K)) = 0 for all p M . Since h is an isomorphism to a subgroup of F υ , it must be that I p (L/K) = 1 for all p M , i.e., L/K is unramified away from M . It is also easy to see that for g ∈ Gal(L/Q) and σ ∈ Gal(L/K) we have
i.e., we have While it is difficult to find anything in the literature about level lowering for modular forms with reducible Galois representations this is perhaps not surprising. As was observed above, a reducible Galois representation corresponds to an extension of a number field. It seems unlikely one would have any general results here as one would not expect such an extension to force the existence of a modular form of lower level congruent to the original modular form.
We now return to the case that ρ f is irreducible. As was mentioned above, we wish to use Serre's conjecture to lower the level of our eigenform. Let ρ : Gal(Q/Q) → GL 2 (F ) be a continuous representation of Gal(Q/Q) that is irreducible and odd. (Odd in this context means that det(ρ(c)) = −1 where c ∈ Gal(Q/Q) is complex conjugation induced by an embedding of Q into C.) In [11] , Serre defines N (ρ), k(ρ), and ε(ρ) and conjectures there exists a normalized eigenform f ρ ∈ S k(ρ) (N (ρ), ε(ρ)) such that ρ fρ ρ. The important point for us is that N (ρ) is relatively prime to . In fact, this was known by earlier work of Ribet [8] . However, in Ribet's argument one is unable to control the weight of form of level N (ρ) which is not sufficient for our needs. We now give a recap of the definition of k(ρ) and see that what we know is sufficient for our purposes.
The weight k(ρ) is defined in terms of the restriction of ρ to the decomposition group D . We let I denote the inertia subgroup, I wild the wild inertia, and I tame the tame inertia subgroup. Recall that
A character φ : I tame → F * is said to be of level n if n is the smallest integer such that φ factors through F * n . The n characters I tame → F * n → F * that are induced by the embeddings of the fields F n → F are called the fundamental characters of level n. Let ψ 1 and ψ 2 denote the fundamental characters of level 2. It is known by work of Serre ([10] , Proposition 4.1) that ρ ss (I wild ) is trivial and ρ ss (I tame ) is given by two characters φ 1 , φ 2 : I tame → F * where ρ ss denotes the semisimplification of ρ. There are two possible cases: either both φ 1 and φ 2 are of level 1 and ρ| D is reducible or φ 1 and φ 2 are both of level 2 and ρ| D is irreducible [11] . We now give the definition of k(ρ) as given in [1] . It differs from Serre's original definition in only two cases, neither of which we are in, see ( [1] , Remark 4.4). Definition 1. Let ρ, φ 1 , φ 2 , ψ 1 , and ψ 2 be given as above. The weight k(ρ) is defined as follows.
(1) Suppose that φ 1 and φ 2 are both of level 2. Then we have
After possibly interchanging φ 1 and φ 2 we have uniquely that We again mention that by work of Khare and Wintenberger Serre's conjecture is now a theorem and so given our ρ := ρ f , we know there exists a normalized eigenform g ∈ S k(ρ) (Γ 0 (N (ρ)), ε(ρ)) with ρ ρ g . On the one hand we have det(ρ g | I ) = ω k(ρ)−1 from the above definition of k(ρ). On the other hand, we have in general that det(ρ) = χ 2 ω 2k−1 . The complication here is that since is allowed to divide the conductor of χ, it may turn out that χ is ramified at . In particular, using the isomorphism of the Galois representations we obtain
(mod − 1). Thus we obtain k(ρ) ≡ 2k + 2δ (mod − 1) where δ is the power of ω that arises in χ. So we have that k(ρ) is congruent to something even modulo an even number, so it must itself be even. Thus we have that g has even weight. The character ε(ρ) is defined to be the character of conductor M that is left over once one factors out the powers of ω from χ 2 . Thus, we see that ε(ρ) can be written 2 for some character . We summarize with the following proposition.
2 ) be a normalized eigenform, M , and ρ f irreducible. There exists an integer k , a character , and a normalized eigenform g ∈ S 2k (Γ 0 (M ),
2 ) for some M |M with
It is critical in the above proposition that the weight is even and the character is squared. We are now able to apply the Shintani map SH, a Hecke-equivariant map from S 2k (Γ 0 (M ),
2 ) to S k +1/2 (Γ 0 (4M ), ). In fact, the Shintani map is a Hecke-equivariant isomorphism between S 2k (Γ 0 (M ),
2 ) and Kohnen's +-space S One can see [5] for a proof of this fact. Denote the image of g under the Shintani map by G := SH(g). If we follow through our mappings, we have that for p M ,
Thus, we have proven the following theorem Theorem 3. Let F ∈ S k+1/2 (Γ 0 (M m ), χ) be an eigenform with M . If ρ Sh(F ) : Gal(Q/Q) → GL 2 (F ) is irreducible, then there exist integers k and M with M | M , a character and an eigenform G ∈ S k +1/2 (Γ 0 (M ), ) so that
where is the uniformizer of a finite extension O of Z .
